Let τ (G) denote the number of vertices in a longest path in a graph
Introduction
Let G = (V , E) be a finite simple graph. The number of vertices in a longest path of G is called the detour order of G and it is denoted by τ (G). If P n is a path of order n (i.e. its vertex set has n vertices), then a vertex v ∈ V is said to be a P n -terminal vertex of G whenever v is an end-vertex of a path of order n but it is not an end-vertex of a path of order n + 1 in G. If S is any subset of the vertex set V then G [S] denotes the subgraph of G induced by the set S. A subset K of V is called a P n -kernel of G if τ (G[K ]) ≤ n − 1 and every vertex v ∈ V \ K is adjacent to an end-vertex of a path of order n − 1 in G [K ] . In such a case we say that n is the width of the path-kernel K .
The problem, treated in this paper is related to the so-called Path Partition Conjecture (abbreviated as PPC). The PPC states that, for any graph G and arbitrary positive integers a, b satisfying a + b = τ (G), the vertices of a graph G can be partitioned into two parts A and B in such a way that the order of a longest path in G[A] is at most a and the order of a longest path in G [B] is at most b. The original version of the PPC was discussed by L. Lovász and P. Mihók in 1981 and studied in two diploma thesis supervised by them [7] . In general, the PPC is still open but it is known that it is valid for many particular classes of graphs [3] [4] [5] . An overview of the present state of the PPC can be found in [6] . The PPC is related to another conjecture known as the Path Kernel Conjecture (abbreviated as PKC). In [11] P. Mihók asked the question whether every graph has a P k -kernel for every positive integer k ≥ 2. This problem was later reformulated as a conjecture. In [2] , it is shown that every graph has a P n -kernel for every k ≤ 7 and also that the PKC is true for certain classes of graphs. Mel'nikov and Petrenko in [8] verified the PKC for k = 8. In [10] the same authors proved that every graph has P 9 -kernel. On the other hand, in [1] Aldred and Thomassen presented a construction of a graph G with detour order 364 and containing no P 364 -kernel. This implies that the PKC is not valid in general. By a small modification of their construction, one can easily see that there are graphs with τ (G) ≥ 364 and no P τ (G) -kernel. But their construction is very specific in the sense that the existence of the P k -kernel is disproved only for graphs with detour order equal to k. Moreover, it is worth mentioning that their counterexample does not disprove the PPC. According to the results presented above, it is known that the PKC is valid for some small values of the parameter k, namely k ≤ 9, and it is not valid for k ≥ 364. One would expect that both bounds can be improved. The intriguing question is; what is the greatest value of k such that every graph has a P k -kernel?
We construct a graph G 0 with no P 155 -kernel, thus providing a smaller counter-example to the PKC than the one constructed by Aldred and Thomassen. The graph G 0 has detour order 155. However, by inserting a specified numbers of vertices into certain edges of G 0 , we obtain, for every integer k ≥ 0, a graph G k with detour order τ that has no P τ −k -kernel.
In fact, the graph G k has no P i -kernel, for each i ∈ {τ − k, . . . , τ }.
The construction
Given a nonnegative integer k. We describe a construction of a graph G with τ (G) = τ and no P (τ −k) -kernel. We use almost the same approach as Aldred and Thomassen in [1] . We start with a base graph H. This graph is depicted in Fig. 1 . In order to be able to control the difference between the detour order of a constructed graph and the width of its pathkernel, we construct a graph H k , a special subdivision of H, as follows:
(i) subdivide the edge ac with 4k + 6 vertices and denote the path induced by these 4k + 6 vertices by ac k ;
(ii) subdivide the edge bd with 4k + 6 vertices and denote the path induced by these 4k + 6 vertices by bd In what follows, we shall deal with the path structure in the graph H k . In order to simplify the forthcoming consideration we introduce the following notation. We denote
the path pair c, ca
k , Z with the same vertex set by
the path pair b, bd 
In order to complete the construction we add a new vertex A and edges from this vertex to all a i , i = 1, 2, . . . , 6 . Finally we add the edges b i c (i+2) mod 6 where i = 1, 2, . . . , 6 (see Fig. 2 ). 
. , τ (G).
The proofs of both corollaries can by easily derived from the proof of the Theorem 3 and therefore they are omitted.
Conclusion
According to the results of [2, 8, 9] and Corollary 5, it is known that the PKC is valid for k ≤ 9 and, in general, it is not true for all k greater than or equal to 155. We suspect that the upper bound of 155 can be lowered. The lower bound of 9 could perhaps also be improved, but the technique used to prove the PKC for k ≤ 9 is not suitable for bigger k, since the number of configurations to be investigated becomes huge when k = 10.
As pointed out in [1] , in order to prove the PPC, it would suffice to prove that every graph G has a P n -kernel for every n ≤ τ (G)/2. Although we have presented examples of graphs without P n -kernels having large differences between n and their detour orders, in each of these examples n is still greater than half the detour order.
